A lens limited by diffraction and having two parabolic surfaces is presented. The knowledge of the following parameters: object distance, relative refractive index, lens thickness, and image distance, enables to analytically calculate the parabolic front and back surfaces. The conditions to obtain diffraction-limited images for these lenses and its maximal diameter are described. These bi-parabolic lenses can be easily manufactured at reduced costs and can be used for several commercial and industrial applications. The method to obtain such surfaces and a simple example validated by using Oslo® are described here.
Introduction
A paraboloid of revolution concentrates in its focus the light from an object placed at infinity, this is a reason for astronomers to use them as primary mirrors [1, 2] . Nevertheless, parabolic refractive interfaces are not common; this is probably due to the fact that they introduce an important amount of spherical aberration. Concerning ophthalmic use of paraboloids, it can be said that the eye lens is frequently modelled as having parabolic interfaces [3, 4] . Not only the eye-lens but also the base curve for some contact lenses has parabolic interface surfaces [5] . In some cases, it has been recommended to use parabolic interfaces to reduce spherical aberration [6] . Flat-parabolic lenses are also used in Xrays equipment [7] and in integrated optics [8] [9] .
Recently, Lozano et al. [10] have found a method to correct spherical aberration introduced by a parabolic surface by using a correcting surface. Given any real object and real image, Gonzalez et al. have shown a different method to find an aspherical corrective posterior surface with simplified signs' rules [11] .
Parabolic lenses have a simpler mathematical representation than spherical or non-parabolic aspherical lenses. Any parabolic lens is a special case of an aspheric lens, but its simpler mathematical representation makes a parabolic lens easier to use. Nevertheless, it is not common to find lenses having both surfaces parabolic. Recently a bi-parabolic catadioptric lens used as optical link element for visible light communication has been proposed [12] . Even more, it is less common to find biparabolic lenses limited by diffraction. As a matter of fact, the authors have not found any work published or patented concerning them.
Here, a method to easily calculate the best approximation [13] of any correcting surface to a paraboloid is found. A described back corrective aspheric surface with any conical constant and deformation coefficients can be fitted to a paraboloid surface by making its conical constant [14] K = -1 and vanishing all the deformation coefficients. Thus, by equalling a fourth degree coefficient to zero, and due the fact the series converges very fast, it is possible to find an approximation to the best combination of parabolic surfaces. It has been assumed that coefficients equal or higher than 6 th degree do not have a significant impact in the diffraction limited image. Thus, a bi-parabolic lens may reduce dramatically spherical aberration below the diffraction limit.
Modelling rays
The coordinate's origin is set at the front or anterior surface vertex, and sub index a (for anterior) will be used. The anterior surface z a is a revolution paraboloid whose meridional section is represented in cylindrical coordinates by 
where r is the abscissa, f a is the anterior geometrical -reflective-focal distance [10] . From this equation, the focal distance f a is assumed as a geometric characteristic of any parabola that, according with the definition, is a set of points equidistant between a focus and a bisector; R a is the curvature radius in its vertex, with R a = 2 f a , and c a is the vertex curvature and K a = -1 its conic constant. The posterior surface, represented by sub-index b can correct all spherical aberration orders and can be represented by
having a vertex curvature c b , a conical constant K b and an infinite number of deformation coefficients B 2j . According to Eq. (15) in [10] , the back correcting surface has a vertex curvature radius expressed by
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Here, n is the relative lens refraction index, t a is the object distance, t is the central lens thickness, and t b the image distance as depicted in Fig. 1 . Only lenses immersed in the same refractive medium are considered here. A different case is out of scope in this work. According to Eqs. (5.7 to 5.12b) in reference [13] , the deformation coefficients B 2j are calculated analytically as functions of the conic constant K b . (1 ), 2 2 (1 ) , 2
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whose coefficients A 2j are calculated by implicitly derivating the parametric correcting surface [r b (r a ),
with director cosines  and  of the ray travelling inside the lens
and the following recurrent variables:  is a special function that depends on the parametric abscissa
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Equations (5-8) are valid for any real object and real image. Coefficients A 2j were calculated following the procedure in reference [13] and its Eqs. 
the deformation coefficients A 2j in Eq. (9) are obtained in the limit when the abscissa r a tends to zero; the coefficient A 2 has been used to obtain c b in Eq. (3). Here, the coefficients are represented in their calculus limit form to save space.
Derivatives are evaluated in the surface's vertex. B 2j coefficients are reduced to A 2j coefficients using a paraboloid as the posterior surface to establish a back parabolic surface base. In this case the conic constant K b = -1 has been chosen, so Eq. (2) 
and the back geometrical focal distance is obtained by simplifying Eq. (3)
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Any back corrective aspheric surface having any conical constant and deformation coefficients can be fitted to a paraboloid surface by making its conical constant K b = -1 and vanishing all the deformation coefficients. Thus, by equalling A 4 to zero, and due to the series' very fast convergence, it is possible to find an approximation to the optimal surface combination, by equalling coefficient A 4 to zero 4 3 4 1 0 6 24
Following Eq. (9), is obtained 
Thus, the next fourth degree polynomial for the unknown variable f a is obtained
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The solution for f a can be obtained analytically or numerically. This quartic Eq. (14) has two real and two complex roots. Both real solutions may be optically valid for any transparent material: one for lenses with positive magnification, and the other for lenses with negative magnification. Depending on the combination of conjugated plane distances, the real solution can be obtained following the next steps: a a pV n t V n t V n p t n m V m t m t t b p t nt n t t t t a m t t c p t V n t t V t n t V t n p t a m t d p t V n t t V V t n t V t t n n t p t t a m t e p tV a nV t V t n t V V t n n n t p t t
2. By doing so, and taking the variable change  
, the equation (14) can be expressed as a new fourth degree equation with no third degree term
Again, using Descartes method, equation (17) can be factored from a fourth degree equation into two second degree equations having real roots 
3. Finally, the anterior geometrical focal distance can be calculated by using
4. Once the anterior focal distance is calculated the geometrical back focal distance is found by using Eq. (11),
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This procedure is easily assessed by ray tracing.
Maximum aperture diameter
The lens focal distance F is a paraxial characteristic of a lens. The lens maker's formula is a simple way to calculate it 1 1
here, R b = 1/c b is the curvature radius at the back parabolic interface vertex. An alternative formula is Gullstrand's 1 1 1 .
To calculate the lens aperture that allows us to obtain a diffraction limited image, a marginal ray in the meridional plane is traced to calculate the height h(d/2) on the image plane. Considering that marginal rays are the most aberrated rays, thus, the following condition can be proposed
to numerically find the maximum aperture diameter d.
After vanishing all the deformation coefficients in the sum of Eq. (10) the back surface is
Finally, the edge thickness t e is calculated with the condition / 2 / 2 0
For a bi-parabolic lens design, Eq. (26) can be reduced to 2 2 0 16 16
Lens design example
A bi-parabolic diffraction-limited lens to exemplify this method is explained here below. The lens has the following input parameters: (a) Object distance t a = -800 mm, (b) lens central thickness t = 0.6 mm, (c) image distance t b = 12 mm, (d) diameter d = 5 mm, its material is plastic with a refraction index n = 1.76 at  = 589 nm. Focal distances are calculated by using equations (20-21); then, f a = 5.0973 mm and f b = -46.594 mm are obtained. These focal distances corresponds to the curvature radii R a = 10.1946 mm and R b = -93.188 mm respectively. By introducing these values in any lens design software it is easy to verify that for a F/# = 2.46 the image is diffraction limited [Fig 2(b) ].
The reader can easily assess this example with any optical design software just by following the next steps: i) to compute f a from equation (20) using the equations (14) (15) (16) (17) (18) (19) (20) ; ii) to compute f b from Eq. (21); iii) to calculate the focal distance F from equation (22); iv) the maximum aperture diameter is determined by using Eq. (23), this ensures a diffraction limited image. v) The edge thickness t e should meet Eq. (27). Nevertheless, if t e < 0, the central thickness must be increased which implies the repetition of all the steps.
A change of the optical material implies a change in the spot diagram. Now, consider that a modified Poly-Methyl-Methacrylate (PMMA) is used. Its refraction index is n=1.4875 at =589 nm;
the focal distance calculation results in f a = 3.68539 mm and f b = -14.596 mm. These distances correspond to R a = 7.37079 mm and R b = -29.192 mm curvature radii respectively. In figure 2(c) it can be seen that the image is not diffraction limited; its spot diagram for a F/# =2.46 was calculated. In spite of its low refraction index this lens can be taken to diffraction limit by reducing its diameter to d = 4.2 mm. This results in an increase of its F/# to 2.93, as observed in Fig. 2(d) .
Discussion and conclusions
The method here exposed entails four main advantages: i) it permits to obtain a diffraction limited image. This advantage is due to the fact the approximation in Eq. (5) has a deformation series that converges very fast, ii) it permits to simplify the design process of basic optical systems, iii) biparabolic lenses can be used to design systems where an image (diffraction-limited) point can be used as an object point by the following element. As a matter of fact every combination of conjugated plane distances has a unique optimal design; finally iv) it permits to mathematically represent a lens in its simplest manner. The simulation conducted here has also permitted to conclude that coma aberrations are generally lower than coma in spherical lenses as it can be easily assessed by using any commercial optical design software. Nevertheless, field curvature and astigmatism may increase following an applicative design. The method assessment has been performed by using Oslo® for the ray tracing incurring neither in optimization nor in defocus.
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